UNIT-III

Governing Equations for the Response of a Laminated Plate

The governing equations consist of the behavior of the plate internally as well as the behavior of the boundary conditions. The governing equations will be derived below using the Newtonian approach where summing the forces and moments on the plate is used to develop the differential equations. Figure 4 below shows a composite platein the x-y-z orientations, a loading of q(x,y) and a width ‘a’ and a length ‘b’ with the reference point at the center of the plate. 

[image: image1.jpg]



Figure 4: Showing Geometry, Nomenclature and Loading2
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Figure 5: Resultants at the x = a/2 boundary2
Figure 5 above shows the resultant forcesN and momentsM acting on the x = a/2 side of the plate. The results are then required from the x = - a/2 and y = +- b/2 sides. Once these resultant forces are drawn, the sum of the forces in the x and y directions can be found. This results in two of the three governing equations. 
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The third governing equation is derived by the summation of the shear force resultants Q acting on the interior of the plate. In Figure 6 below, q(x,y) is the applied load and the resultant forces are shown. 

[image: image5.jpg]



Figure 6: Forces in the Z-direction2
Summation of these forces results in:
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The moment equilibrium is now taken about the x-axis as seen in Figure 7 below. The sum of the moments results in 
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Summing up the moments about the y-axis results in: 
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Substituting equations (7) and (8) in equation (6), results in the third governing equation.
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Figure 7: Moments on all sides about the x-axis2

Since the purpose of this paper is to investigate a composite laminate plate’s deflection in response to a uniformly distributed load, it is beneficial to express the governing equations in terms of displacements. Fortunately, the stress resultants can be expressed in terms of strains and curvatures by 
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(10)

The strains and curvatures can be expressed in terms of displacements.
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Likewise, the stress resultants can be expressed in terms of displacements3.Substituting equation (11) into equation (10), we get equation (12)-(17):
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Substituting expressions in equations (12)-(17) into the governing equations (4), (5) and (9), we get the equilibrium equations that govern the response of a laminated plate in terms of displacements.3 
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Equations (18)-(20) are the equations in terms of displacements that govern the response of a composite plate. In this project, we will limit the investigation to a simply supported, symmetrically laminated composite plate. 
STRESS–STRAIN RELATIONS FOR A LAMINATE
A. One–Dimensional Isotropic Beam Stress–Strain Relation

Consider a prismatic beam of cross-section A (Figure 4.2a) under a simple load P ; the normal stress at any cross-section is given by

[image: image23.emf]
The corresponding normal strain for a linearly elastic isotropic beam is
[image: image24.emf]
where E is the Young’s modulus of the beam. Note the assumption that the normal stress and strain are uniform and constant in the beam and are dependent on the load P being applied at the centroid of the cross section. Now consider the same prismatic beam in a pure bending moment M (Figure 4.2b). The beam is assumed to be initially straight and the applied loads pass through a plane of symmetry to avoid twisting. Based on the elementary strength of material assumptions, • The transverse shear is neglected • Cross-sections retain their original shape • The yz -plane before and after bending stays the same and normal to the x -axis.
[image: image25.emf]
Then, at a distance, z , from the centroidal line,
[image: image26.emf]
where ρ is the radius of curvature of the beam. If the material is linearly elastic and isotropic,
[image: image27.emf]
and

[image: image28.emf]
[image: image29.emf]
[image: image30.emf]
B. Strain-Displacement Equations

In the previous section, the axial strain in a beam was related to the midplane strain and curvature of the beam under a uniaxial load and bending. In this section, similar relationships will be developed for a plate under in-plane loads such as shear and axial forces, and bending and twisting moments (Figure 4.3). The classical lamination theory is used to develop these relationships. The following assumptions are made in the classical lamination theory to develop the relationships

• Each lamina is orthotropic.

• Each lamina is homogeneous.

• A line straight and perpendicular to the middle surface remains straight and perpendicular to the middle surface during deformation
[image: image31.emf]
[image: image32.emf]
[image: image33.emf]
[image: image34.emf]
[image: image35.emf]
C. Strain and Stress in a Laminate

If the strains are known at any point along the thickness of the laminate, the stress–strain Equation (2.103) calculates the global stresses in each lamina:
[image: image36.emf]
[image: image37.emf]
loads applied to the laminate are known.

In-Plane and Flexural Modulus of a Laminate

Laminate engineering constants are another way of defining laminate stiffnesses. Showing Equation (4.29), in short notation,
[image: image38.emf]
[image: image39.emf]
[image: image40.emf]
[image: image41.emf]
[image: image42.emf]
[image: image43.emf]
In unsymmetric laminates, the stress–strain relationships in Equation (4.29) are not uncoupled between force and moment terms. Therefore, in those cases, the effective in-plane stiffness constants and flexural stiffness constants are not meaningful
SPECIAL CASES OF LAMINATES
Based on angle, material, and thickness of plies, the symmetry or antisymmetry of a laminate may zero out some elements of the three stiffness matrices [A], [B], and [D]. These are important to study because they may result in reducing or zeroing out the coupling of forces and bending moments, normal and shear forces, or bending and twisting moments. This not only simplifies the mechanical analysis of composites, but also gives desired mechanical performance. The analysis of a symmetric laminate is simplified due to the zero coupling matrix [B]. Mechanically, symmetric laminates result in no warpage in a flat panel due to temperature changes in processing.
Symmetric Laminates

[image: image44.emf]
[image: image45.emf]
Cross-Ply Laminates
[image: image46.emf]
Angle Ply Laminates

[image: image47.emf]
Antisymmetric Laminates
[image: image48.emf]
Balanced Laminate

[image: image49.emf]
Quasi-Isotropic Laminates
[image: image50.emf]
[image: image51.emf]
2.4.4 Special classification of Laminates 
The laminates also classified based on the symmetricity of Reinforced fibres, viz: 

• Symmetric laminates 

• Anti-symmetric laminates 

• Non-symmetric laminates 

2.4.4.1 Symmetric laminates (Simplification of Analysis) 
2.4.4.1.1 Mid-plane Symmetric laminates 
The geometric mid-plane is the reference surface for determining if a laminate is symmetrical or not. In a mid-plane symmetric laminate, identical plies are located is above and below the mid-plane, at locations that are mirror reflections of each about the fibre orientation. In general, in order to reduce out-of-plane strains, coupled bending and stretching of the laminate and complexity of analysis; laminates should be used. The in-plane response and the bending response of a mid-plane symmetric laminate are uncoupled or independent of each other because all the Bij terms are zero. This means that there is no coupling between in-plane loads and curvature nor between the bending loads and in-plane deformations. The in-plane load (Nx, Ny, and Nx) will only cause in-plane strains (ε°x, ε°y, γ°xy), and will not cause the laminate to bend (the mid-plane curvature is equal to zero). A laminate that is not mid-plane symmetric has non-zero Bij terms that couple the membrane and bending response. In this case, an in-plane load will cause the laminate to bend (a response that is unique in laminates and is not seen in metals). Likewise, an applied bending moment will cause the laminate mid-plane to be strained. Almost all the structural laminates are designed to be mid-plane symmetric so as to avoid the generally undesirable coupling between membrane and bending reactions. 

2.4.4.1.2 Balanced Laminates 
All laminates should be balanced to achieve in-plane orthotropic behaviour. A laminate is considered balanced when there are equal number of off-axis plies in the +θ and –θ directions with equal thickness and same material properties. If the laminate contains only 0º and/or 90º layers, it satisfies the requirements for balance. Laminates may be mid-plane symmetric but not balanced and vice versa. In a balanced laminate, A16=A26=0. In this case, an in-plane (membrane) normal load will only induce mid-plane normal strains and will not induce any mid-plane shear strains. Likewise, an applied shear load will only induce a mid-plane shear strain with no accompanying normal strain. Thus, there is no coupling between extension loads and shear strain. If, in addition, these +θ and –θ plies are at the same distance from the mid-plane, then the corresponding B and D-matrix coefficients tend towards zero. When the balanced laminate is also mid-plane symmetric, its response emulates the behaviour of metals. 

2.4.4.1.3 Angle Ply Laminates 
An angle ply laminate has a lay-up where successive plies alternate between + θ and- θ in fibre orientation. Based on this definition, angle ply laminates with an odd number of plies are mid-plane symmetric but are not balanced and angle ply laminates with an even number of alternating + θ and – θ plies above the mid-plane. A [±45] s lay-up is an example. 

Hygrothermal Stresses and Strains in a Lamina

Composite materials are generally processed at high temperatures and then cooled down to room temperatures. For polymeric matrix composites, this temperature difference is in the range of 200 to 300C; for ceramic matrix

composites, it may be as high as 1000C. Due to mismatch of the coefficients of thermal expansion of the fiber and matrix, residual stresses result in a lamina when it is cooled down. Also, the cooling down induces expansional
[image: image52.emf]
FIGURE 2.34

Maximum normal tensile stress in the x-direction as a function of angle of lamina using maximum stress failure theory
[image: image53.emf]
FIGURE 2.35

Maximum normal tensile stress in the x-direction as a function of angle of lamina using maximum strain failure theory

[image: image54.emf]
FIGURE 2.36

Maximum normal tensile stress in the x-direction as a function of angle of lamina using Tsai–Hill failure theory
[image: image55.emf]
FIGURE 2.37

Maximum normal tensile stress in the x-direction as a function of angle of lamina using Tsai–Wu failure theory strains in the lamina. In addition, most polymeric matrix composites can absorb or deabsorb moisture. This moisture change leads to swelling strains and stresses similar to those due to thermal expansion. Laminates in which laminae are placed at different angles have residual stresses in each lamina due to differing hygrothermal expansion of each lamina. The hygrothermal strains are not equal in a lamina in the longitudinal and transverse directions because the elastic constants and the thermal and moisture expansion coefficients of the fiber and matrix are different. In the following sections, stress–strain relationships are developed for unidirectional and angle laminae subjected to hygrothermal loads.

2.9.1 Hygrothermal Stress–Strain Relationships for a Unidirectional Lamina

For a unidirectional lamina, the stress–strain relationship with temperature and moisture difference gives

[image: image56.emf]
where the subscripts T and C are used to denote temperature and moisture, respectively. Note that the temperature and moisture change do not have any shearing strain terms because no shearing strains are induced in the material axes. The thermally induced strains are given by

[image: image57.emf]
[image: image58.emf]
[image: image59.emf]
[image: image60.emf]
[image: image61.emf]
[image: image62.emf]
From Equation (2.174), if no constraints are placed on a lamina, no mechanical strains will be induced in it. This also implies then that no mechanical stresses are induced. However, in a laminate, even if the laminate has no constraints, the difference in the thermal/moisture expansion coefficients of the various layers induces different thermal/moisture expansions in each layer. The mechanical response of angle ply laminates provides an explanation for the use of ±45º plies at structural locations that require large shear stiffness. A set of ±45º plies increase the shear stiffness to a great extent. In the axial stiffness, 90º, plies are selected to maximize the transverse stiffness and ±45º plies are selected to maximize the shear stiffness of the laminates. 

2.4.4.1.4 cross-ply Laminates 
Cross-ply laminates contain only 0º and 90º plies. In a cross-ply laminate, A16=A26=B16=B26=D26=0. Mid-plane symmetric cross-ply laminates are also referred to as orthotropic laminates. Their in-plane normal and shear behaviours are uncoupled and their pure bending and twisting behaviours are also uncoupled. This means that Nx and Ny induce only ε°x, ε°y (γ°xy=0) and Mx and My induce only Kx and Ky (Kxy=0). Likewise, Nxy induce only γ°xy (ε°x, ε°y =0) and Kxy (Kx = Ky =0) 

2.4.4.1.5 Quasi-Isotropic Laminates 
Quasi-isotropic laminates behave like isotropic materials at the laminate level though their individual plies are orthotropic or anisotropic with respect to the reference coordinates. In case of quasi-isotropic laminates, only the elastic in-plane properties are isotropic. The strength properties, however, will vary with direction. 

The goal of composite design is to achieve the lightest as well as most efficient structure by aligning most of the fibres in the direction of the load. Many times there is a need; however, to produce a composite, which has some isotropic properties, similar to metal, because of multiple or unified load paths. A quasi-isotropic laminates lay-up accomplishes this for the x- and y-planes only; the z- or through-the-laminate-thickness plane is quite different and lower. Laminates with plies distributed every 45º are called Π/4 laminates (plies can be in the 0º, 45º, 90º and -45º directions). Another class of laminates (plies can be in the 0º, 60º, or -60º directions). In both cases, an equal percentage of plies in each of the pre-selected orientations result in a quasi-isotropic laminate. Most laminates produced for aircraft applications have been, with few exceptions, quasi-isotropic. For a quasi-isotropic laminate, the following are the main design requirements: 

• It must have three layers or more. 

• Individual layers must have identical stiffness matrices and thickness. 

The layers must be oriented at equal angles. For example, if total number of layers is ‘n’, the angle between two adjacent layers should be 360º/n. If a laminate is constructed from identical sets of three or more layers each, the condition on orientation must be satisfied by the layers in each set, for example, (0º±60º)S or(0º/±45º/90º). 
2.4.4.2 Anti-symmetric Laminates 
Symmetry of a laminate about the mid-plane is often desirable to avoid coupling between bending and extension. However, many physically applications design requirements. An even number of plies may be necessary at orientations that alternate from ply to ply i.e. –θ/+ θ/ θ/+ θ. Thus, symmetry about the mid-planes is destroyed and the characteristics of a laminate can be changed from that of the symmetric case. The laminate is not symmetric but  antisymmetric about the mid-plane. The general class of antisymmetric laminates must have an even number of plies. Further, each ply should have same thickness. 

An antisymmetric cross-ply laminate consists of an even number of plies with principal material directions alternating at 0º and at 90º to the laminate axes. The thickness of the plies is also the same. An antisymmetric angle ply laminate has plies orientated at + θº to the laminate coordinate axes on one side of the mid-plane and corresponding equal thickness ply orientated at - θº on the other side. 

Antisymmetric Laminates 
The general class of antisymmetric laminates must have a number of layers. In such laminates, A16=A26 =D16=D26=0. The coupling stiffness Bij vary for different classes of antisymmetric laminates. In case of antisymmetric cross-ply laminates, A16=A26=B16=B26 =D16=D26=0. As the number of layers in a laminate increases, coupling stiffness B11 also approaches zero. 

In case of antisymmetric angle ply laminates, A16=A26=B11=B12=B66=D16=D26=0. As the number of layers in a laminate increases, coupling stiffness B16 and B26 also approaches zero. 

The designer should, therefore, take advantage of the orthotropic nature of the fibre composite ply in order to – 

• Orient the individual plies as per the above criteria. 

• Intersperse the ply orientation. If a design requires a laminate with 16 plies at ±45°, 16 plies at 0°, and 16 plies at 90°, use the intersperse design (902/±452/02)4S rather than (908/±458/08)S design. Concerning plies at nearly the same angle provides the opportunity for large matrix cracks to form thereby producing lower laminate allowable. Even if a design requires all 0º plies, some 90º plies and some off-angle plies should be interspersed in the laminate to provide some biaxial strength and stability and also to accommodate unplanned loads. This improves handling characteristics of the laminates and serves to prevent large matrix cracks from forming. Ensure that the laminate has sufficient fibre orientations to avoid dependence on the matrix for stability. 

• Use multiple ply angles. Typical composites are constructed from multiple unidirectional or fabric layers which are positioned at angular orientations in a specified stacking sequence. The multiple layers are usually oriented in at least two different angles, and possibly three or four; (±θ°/0°/±θ°) or (0°/±θ°/90°) cover most of the applications with θ between 30° and 60°. Unidirectional laminates are rarely used except when the basic composite material is only mildly orthotropic or when the load path is absolutely known or carefully oriented parallel to the reinforcement.  

2.4.4.3 Spirally Stacked Laminates/Nonsymmetric laminates 
It has been shown by experiments that interlaminar stresses are less in a spirally stacked laminate as composed to any other laminate with similar fibre orientation. Interlaminar stresses arise out the difference between the angles of two adjacent plies- smaller difference is better than larger difference. 

Most laminates used today are symmetric so as to eliminate or reduce any tendency of the structure to warp unexpectedly. Most laminates are also balanced, often because it is erroneously thought to be preventing the structure from warping. A balanced laminate is really necessary in situations with reversible shear loading conditions.
Failure Criterion for a Laminate

A laminate will fail under increasing mechanical and thermal loads. The laminate failure, however, may not be catastrophic. It is possible that some layer fails first and that the composite continues to take more loads until all the plies fail. Failed plies may still contribute to the stiffness and strength of the laminate. The degradation of the stiffness and strength properties of each failed lamina depends on the philosophy followed by the user.

• When a ply fails, it may have cracks parallel to the fibers. This ply is still capable of taking load parallel to the fibers. Here, the cracked ply can be replaced by a hypothetical ply that has no transverse stiffness, transverse tensile strength, and shear strength. The longitudinal modulus and strength remain unchanged.

• When a ply fails, fully discount the ply and replace the ply of near zero stiffness and strength. Near zero values avoid singularities in stiffness and compliance matrices.

The procedure for finding the successive loads between first ply failure and last ply failure given next follows the fully discounted method:

1. Given the mechanical loads, apply loads in the same ratio as the applied loads. However, apply the actual temperature change and moisture content.

2. Use laminate analysis to find the midplane strains and curvatures.

3. Find the local stresses and strains in each ply under the assumed load.

4. Use the ply-by-ply stresses and strains in ply failure theories to find the strength ratio. Multiplying the strength ratio to the applied load gives the load level of the failure of the first ply. This load is called the first ply failure load.

5. Degrade fully the stiffness of damaged ply or plies. Apply the actual load level of previous failure.

6. Go to step 2 to find the strength ratio in the undamaged plies: • If the strength ratio is more than one, multiply the strength ratio to the applied load to give the load level of the next ply failure and go to step 2.

• If the strength ratio is less than one, degrade the stiffness and strength properties of all the damaged plies and go to step 5.

7. Repeat the preceding steps until all the plies in the laminate have failed. The load at which all the plies in the laminate have failed is called the last ply failure.

The procedure for partial discounting of fibers is more complicated. The noninteractive maximum stress and maximum strain failure criteria are used to find the mode of failure. Based on the mode of failure, the appropriate elastic moduli and strengths are partially or fully discounted.
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